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HOLOMORPHIC CARTAN GEOMETRIES ON UNIRULED
SURFACES
BENJAMIN MCKAY
Abstract. We classify holomorphic Cartan geometries on every compact com-
plex curve, and on every compact complex surface which contains a rational
curve.
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1. Introduction
In my work with Indranil Biswas [2] it became clear that the classification of
holomorphic Cartan geometries on uniruled compact complex surfaces was in sight.
In this paper, I find that classification. The classification is essential for a paper
in progress in which Sorin Dumitrescu and I will survey the holomorphic locally
homogeneous structures on all compact complex surfaces. The main result in the
paper you have before you is that if a compact complex surface S bears a holomor-
phic Cartan geometry, and contains a rational curve, then the Cartan geometry
is flat, and either S is a rational homogeneous variety with its standard flat holo-
morphic Cartan geometry, or S is a flat P1-bundle S → C and the holomorphic
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Cartan geometry is induced by a locally homogeneous geometric structure on C.
We will see explicit examples of complex manifolds on which the moduli stack of
holomorphic Cartan geometries with a fixed model is not a complex analytic space
(or orbispace). We also see in explicit examples that deformations of holomorphic
Cartan geometries can give rise to nontrivial deformations of the total space of the
Cartan geometry as a holomorphic principal bundle.
To complete the picture, I find all locally homogeneous geometric structures on
compact complex curves. I also prove several elementary results for which I don’t
know a reference.
2. Definitions
2.1. Definition of G/H-structures. Suppose that G is a Lie group and that
H ⊂ G is a closed subgroup.
Definition 1. A G/H-chart [4] on a manifold M is a local diffeomorphism from an
open subset of M to an open subset of G/H .
Definition 2. Two G/H-charts f0 and f1 on a manifold are compatible if there is
some element g ∈ G so that f1 = gf0 where both f0 and f1 are defined.
Definition 3. A G/H-atlas on a manifold M is a collection of mutually compatible
G/H-charts.
Definition 4. A G/H-structure on a manifold M is a maximal G/H-atlas.
Definition 5. A G/H-structure is effective if G acts faithfully on G/H .
2.2. Pulling back.
Definition 6. If F : M0 → M1 is a local diffeomorphism, and H ⊂ G a closed
subgroup of a Lie group, then every G/H-structure on M1 has a pullback structure
onM0, whose charts are precisely the compositions F ◦f , for f a chart of the G/H-
structure. Conversely, if F is a regular covering map, and M0 has a G/H-structure
which is invariant under the deck transformations, then it induces a G/H-structure
on M1.
2.3. Developing maps and holonomy morphisms.
Definition 7. Suppose that (M,m0) is a pointed manifold, with universal covering
space
(
M˜, m˜0
)
. Suppose that H ⊂ G is a closed subgroup of a Lie group. Let
X = G/H and x0 = 1 ·H ∈ X . A G/H-developing system is a pair (δ, h) of maps,
where
δ :
(
M˜, m˜0
)
→ (X, x0)
is a local diffeomorphism and
h : π1 (M)→ G
is a group homomorphism so that
δ (γm˜) = h (γ) δ (m˜) ,
for every γ ∈ π1 (M) and m˜ ∈ M˜ . The map δ is called the developing map, and the
morphism h is called the holonomy morphism of the developing system.
Definition 8. Denote the universal covering map of a pointed manifold (M,m0) as
πM :
(
M˜, m˜0
)
→ (M,m0).
Given a G/H-developing system (δ, h) on a manifoldM , the induced G/H-structure
on M is the one whose charts are all maps f so that δ = f ◦ πM .
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Remark 1. Conversely, it is well known [4] that if G acts faithfully on G/H then
every G/H-structure is induced by a developing system (δ, h), which is uniquely
determined (after choice of a point m0 ∈ M about which to develop) up to conju-
gacy:
(δ, h) 7→ (gδ,Ad(g)h)
2.4. Inducing structures from other structures.
Definition 9. Suppose that ϕ : G0 → G1 is a morphism of Lie groups, that H0 ⊂ G0
and H1 ⊂ G1 are closed subgroups, and that ϕ (H0) ⊂ H1. Define a smooth map
Φ: G0/H0 → G1/H1
by
Φ (g0H0) = ϕ (g0)H1.
Suppose also that
ϕ′(1) : g0/h0 → g1/h1
is a linear isomorphism. Then clearly Φ is a local diffeomorphism. IfM is equipped
with a G0/H0-chart f , then Φ ◦ f is clearly a G1/H1-chart. A G0/H0-structure
{fα} has induced G1/H1-structure {Φ ◦ fα}. Every developing system (δ, h) on M
has induced developing system (Φ ◦ δ, ϕ ◦ h).
2.5. Quotienting by the kernel.
Definition 10 (Sharpe [12]). If H ⊂ G is a closed subgroup of a Lie group, the
kernel of the pair (G,H) is
K =
⋂
g∈G
gHg−1,
i.e. the largest subgroup of H which is normal in G. The kernel is precisely the set
of elements of G which act trivially on G/H .
Example 1. If (G,H) has kernel K, we can let G¯ = G/K, H¯ = H/K, make the
obvious morphism g ∈ G 7→ g¯ = gK ∈ G¯, and then clearly G/H = G¯/H¯. Every
G/H-structure then has induced G¯/H¯-structure, with the same charts, called the
induced effective structure. Any developing map δ and holonomy morphism h for
the G/H-structure gives the obvious developing map δ¯ = δ and holonomy morphism
h¯: the composition of h with G→ G¯.
Example 2. Continuing with the same example, if there is a morphism h : π1 (M)→
G so that h¯ is the composition
G

π1 (M)
h
<<xxxxxxxxx
h¯
""F
FF
FF
FF
FF
G¯
then clearly we can let δ = δ¯ and (δ, h) is a developing system for Γ as a G/H-
structure. Such a morphism h need not exist and (as we will see below) it also need
not be unique.
4 BENJAMIN MCKAY
2.6. Definition of Cartan geometries.
Definition 11. If E → M is a principal right G-bundle, we will write the right
G-action as rge = eg, where e ∈ E and g ∈ G.
Throughout we use the convention that principal bundles are right principal
bundles.
Definition 12. Let H ⊂ G be a closed subgroup of a Lie group, with Lie algebras
h ⊂ g. A G/H-geometry, or Cartan geometry modelled on G/H , on a manifold M
is a choice of C∞ principal H-bundle E →M , and smooth 1-form ω ∈ Ω1 (E)⊗ g
called the Cartan connection, which satisifies all of the following conditions:
(1) r∗hω = Ad
−1
h ω for all h ∈ H .
(2) ωe : TeE → g is a linear isomorphism at each point e ∈ E.
(3) For each A ∈ g, define a vector field ~A on E by the equation ~A ω = A.
Then the vector fields ~A for A ∈ h generate the H-action on E.
Sharpe [13] gives an introduction to Cartan geometries.
Example 3. The principal H-bundle G→ G/H is a Cartan geometry, with Cartan
connection ω = g−1 dg the left invariant Maurer–Cartan 1-form on G; this geometry
is called the model Cartan geometry.
Definition 13. An isomorphism of G/H-geometries E0 → M0 and E1 → M1 with
Cartan connections ω0 and ω1 is an H-equivariant diffeomorphism F : E0 → E1 so
that F ∗ω1 = ω0.
Definition 14. A G/H-geometry is effective if G acts faithfully on G/H .
On the other hand, suppose that H ⊂ G is a closed subgroup and K ⊂ H is
the kernel of G/H . Let G¯ = G/K and H¯ = H/K. If E →M is a G/H-geometry,
let E¯ = E/K. Denote by k the Lie algebra of K. There is a unique 1-form ω¯ on
E¯ which pulls back to ω + k; E¯ → M is the induced effective G¯/H¯-geometry with
Cartan connection ω¯.
2.7. Curvature.
Definition 15. The curvature bundle of a Cartan geometry E → M is the vector
bundle
W = E ×H
(
g⊗ Λ2 (g/h)
∗)
.
Definition 16. The curvature of a Cartan geometry E →M with Cartan connection
ω is the section of the curvature bundle determined by the function K : E →W for
which
dω +
1
2
[ω, ω] =
1
2
Kω ∧ ω.
Definition 17. A Cartan geometry is flat if its curvature vanishes.
2.8. Flatness.
Definition 18. Let H ⊂ G be a closed subgroup of a Lie group. Let X = G/H and
x0 = 1 ·H ∈ X . Suppose (δ, h) is a developing system, with
δ :
(
M˜, m˜0
)
→ (X, x0)
the a developing map and
h : π1 (M)→ G
the holonomy morphism. Treat G as an H-bundle H → G→ G/H = X . Then the
associated flat Cartan geometry has bundle E = π1 (M) \δ
∗G → M . The bundle
E → M is a principal right H-subbundle of the flat G-bundle M˜ ×h G → M .
The pullback 1-form g−1 dg is invariant under this π1 (M)-action, so descends to a
Cartan connection on E.
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Definition 19. Suppose that E →M is a flat G/H-geometry. Pick a point e0 ∈ E.
Let m0 ∈M be the image of e0. Suppose that(
M˜, m˜0
)
→ (M,m0)
is the universal covering space. Let E˜ be the pullback bundle(
E˜, e˜0
)

// (E, e0)
(
M˜, m˜0
)
// (M,m0) .
Then E˜ ×G has foliation ω = g−1 dg.
Let S ⊂ E˜ ×G be the smallest H-invariant subset of E˜ ×G containing the leaf
of the foliation through (e˜0, 1). It is easy to prove that S is the graph of a unique
H-equivariant local diffeomorphism E˜ → G, say
∆: E˜ → G
so that ∆∗g−1 dg = ω. We call ∆ the bundle developing map associated to the
choice of point e0 ∈ E.
Definition 20. Suppose that E →M is a flat G/H-geometry. Let ∆ be the bundle
developing map associated to e0 ∈ E. Set δ to be the quotient of ∆ by H . By left
invariance of the Pfaffian system, for every γ ∈ π1 (M), there is some g ∈ G so that
δ ◦ γ = gδ. We let h (γ) = g. The pair (δ, h) is a developing system induced by the
flat Cartan geometry E →M and the choice of point e0 ∈ E.
Example 4. Clearly every flat Cartan geometry is isomorphic to the associated
flat Cartan geometry of a developing system (precisely the developing system just
defined). If we vary the choice of point e0 by H-action, the developing map varies
by conjugacty. So the category of flat Cartan geometries E → M with chosen
point e0 ∈ E modulo isomorphism is H-equivariantly isomorphic to the category
of developing systems. But the category of G/H-structures is only a quotient of
the category of developing systems, perhaps not isomorphic when G doesn’t act
faithfully on G/H .
2.9. Automorphism groups.
Definition 21. Let H ⊂ G be a closed subgroup of a Lie group. An isomorphism
of G/H-geometries π0 : E0 → M0, with Cartan connection ω0, and π1 : E1 → M1,
with Cartan connection ω1, is a pair (ϕ,Φ) where ϕ : M0 →M1 is a diffeomorphism,
Φ: E0 → E1 is an H-equivariant diffeomorphism so that Φ
∗ω1 = ω0 and π1 ◦ Φ =
ϕ ◦ π0.
Theorem 1 (Kobayashi [7]). The automorphism group of any Cartan geometry
E →M is a Lie group acting smoothly on E and M . Each orbit in E is a smooth
embedding of the automorphism group.
Definition 22. An isomorphism of G/H-structures is a diffeomorphism which pulls
charts back to charts.
Definition 23. Let H ⊂ G be a closed subgroup of a Lie group. Suppose that
E → M is a Cartan geometry. Pick a point e0 ∈ E and let m0 ∈ M be its image.
Let (
M˜, m˜0
)
→ (M,m0)
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Define E˜ to be the pullback bundle
E˜

// E

M˜ // M.
Pullback ω to E˜. Let π1 (M) act on M˜ × E by just acting on M˜ . An extended
automorphism of the Cartan geometry with base point e0 is an H-equivariant and
π1 (M)-equivariant smooth map
Φ˜: E˜ → E˜,
so that Φ˜∗ω = ω.
If Φ˜ is an extended automorphism, define
ϕ˜ : M˜ → M˜
to be the quotient by H-action, define
Φ: E → E
to be the quotient by π1 (M)-action, and define
ϕ : M →M
to be the quotient by both actions.
Example 5. Clearly if ϕ and Φ are the identity, then ϕ˜ can be any element of the
fundamental group of M , and Φ˜ is completely determined.
Remark 2. A diffeomorphism ψ : M˜ → M˜ is the lift ψ = ϕ˜ of a diffeomorphism
ϕ : M →M just when there is a group automorphism
γ ∈ π1 (M) 7→ γ
′ ∈ π1 (M)
so that ψ ◦ γ = γ′ ◦ ψ.
Example 6. Every automorphism (ϕ,Φ) of a Cartan geometry lifts to some extended
automorphism, by taking ϕ˜ to be any lift to a map on the universal covering space,
and then defining Φ˜ by
E˜ E
E˜ E
M˜ M
M˜ M
Φ˜ Φ
ϕ˜ ϕ
Definition 24. Let Aut (E) be the automorphism group, and
1→ π1 (M,m0)→ Aut
′ (E)→ Aut (E)→ 1
be the obvious exact sequence of the extended automorphism group.
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Definition 25. Let H ⊂ G be a closed subgroup of a Lie group. Suppose that
E → M is a flat Cartan geometry. Pick a point e0 ∈ E and let m0 ∈ M be its
image. Pick Φ˜ ∈ Aut′ (E), and as above define ϕ, ϕ˜,Φ. Pullback ω to E˜. Suppose
that
∆: E˜ → G
is the developing map of E, so that ∆∗g−1 dg = ω. Define
h
(
Φ˜
)
= ∆ ◦ Φ˜ (e˜0)
and call the map h : Aut′ (E)→ G the extended holonomy morphism.
Lemma 1. The extended holonomy morphism of any developing system on any
connected manifold is a Lie group morphism, which agrees on π1 (M) with the
holonomy morphism.
Proof. It is sufficient to prove the result on M˜ , so we can assume that M is simply
connected. Therefore the extended automorphism group is really just the automor-
phism group. Pick two automorphisms Φ1,Φ2 and let Φ = Φ2 ◦ Φ1. Let
gj = ∆(Φj (e0)) ,
and
g = ∆(Φ (e0)) .
We need to prove that
g = g2g1.
Start by assuming that Φ1 (e0) and Φ2 (e0) lie in the same path component as e0.
Take smooth paths e1(t), e2(t) ∈ E so that e1(0) = e2(0) = e0 and e1(1) = Φ1 (e0)
and e2(1) = Φ2 (e0) and let e(t) = e1(t) for 0 ≤ t ≤ 1 and then e(t) = Φ ◦ e2(t− 1)
for 1 ≤ t ≤ 2. Let g1(t) = ∆ (e1 (t)) and g2(t) = ∆ (e2 (t)) and g(t) = ∆ (e(t)).
Then for t ≥ 1,
g(t)−1
dg
dt
= g2(t− 1)
−1 dg2
dt
∣∣∣∣
t−1
,
so
g(t) = g1(1)g2(t− 1).
Let t = 2.
If these Φ1 (e0) and Φ2 (e0) do not lie in the same path component as e0, then
we make use of H-equivariance to get them to. 
Lemma 2. Suppose that H ⊂ G is a closed subgroup of a Lie group. Suppose that
(δ, h) is a developing system for a G/H-structure on a manifold M . Let M˜ → M
be the universal covering space, Suppose that L is a Lie group acting faithfully
on M˜ . Suppose that the holonomy morphism h extends to a Lie group morphism
h : L→ G, and that the developing map δ satisfies
δ ◦ ℓ = h (ℓ) δ,
for any ℓ ∈ L. Then there is a unique injective Lie group morphism
L→ Aut′ (E)
commuting with the action on M˜ .
Proof. Since the Cartan geometry is flat, we can assume that the Cartan geometry
is constructed from the developing map, so E˜ = δ∗G. Each element of δ∗G is a
pair (m˜, g) for which g−1δ (m˜) = x0 ∈ X . We define an extended automorphism
Φ˜ (m˜, g) = (ℓm˜, h (ℓ) g) .

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3. Classification on curves
Table 1: The classification of 1-dimensional connected complex
homogeneous spacesG/H with G acting holomorphically, faithfully
and transitively on G/H , and of all connected compact complex
curves admitting holomorphic G/H-structures, and a description
of the moduli space of G/H-structures on each curve. For the
second row, see example 9 on the next page.
Homogeneous Group Stabilizer Curve Moduli
curve subgroup space
C C 0 C/Λ H0 (κ) \ 0 ∼= C×
C A⋉C A C/Λ see lemma 3
C C× ⋉C C× C/Λ H0 (κ) ∼= C
C/Λ0 C/Λ0 0 C/Λ1 H
0 (κ) ∼= C
C/Λ0 Z2 ⋉C/Λ0 Z2 C/Λ1 H
0
(
κ⊗2
)
∼= C
C/Λhex Z6 ⋉C/Λhex Z6 C/Λ1 H
0
(
κ⊗6
)
∼= C
C/Λhex Z3 ⋉C/Λhex Z3 C/Λ1 H
0
(
κ⊗3
)
∼= C
C/Λsquare Z4 ⋉C/Λsquare Z4 C/Λ1 H
0
(
κ⊗4
)
∼= C
C× C× 1 C/Λ H0 (κ) \ 0 ∼= C×
C× Z2 ⋉C
× Z2 C/Λ H
0
(
κ⊗2
)
\ 0 ∼= C×
P1 P SL (2,C)
[
a b
0 1a
]
C/Λ H0
(
κ⊗2
)
∼= C
P1 P SL (2,C)
[
a b
0 1a
]
Cg≥2 H
0
(
κ⊗2
)
∼= C3g−3
P1 P SL (2,C)
[
a b
0 1a
]
P1 ∗
A holomorphic Cartan geometry on a complex curve must be flat, because the
curvature bundle is the zero bundle. If it is effective, then it must arise from a
unique locally homogeneous geometric structure. Table 1 gives a brief survey of the
locally homogeneous structures on compact complex curves, modelled on complex-
homogeneous curves with faithful actions. We will now describe all such structures
explicitly.
Example 7. Every elliptic curve E = C/Λ has an obvious translation structure, i.e.
a G/H-structure where G = C and H = 0. The developing map is
δ : z ∈ C 7→ cz ∈ C
for any constant c 6= 0 and the holonomy morphism is
h : λ ∈ Λ 7→ cλ ∈ C.
A translation structure is nothing but a holomorphic nowhere vanishing 1-form.
The automorphisms of any translation structure are the translations.
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Example 8. Every elliptic curve E = C/Λ has an obvious affine structure, i.e. a
G/H-structure where G = C× ⋊C, H = C×. The developing map is the identity
δ : z ∈ C 7→ z ∈ C
and the holonomy morphism is
h : λ ∈ Λ 7→ (1, λ) ∈ G.
There are more affine structures: if the elliptic curve is E = C/Λ, then we can
produce, for every c ∈ C×, an affine structure on E via the developing map
δ : z ∈ C 7→ ecz ∈ C×,
with holonomy morphism
h : λ ∈ Λ 7→
(
ecλ, 0
)
∈ G.
Since the developing map of an affine structure is unique precisely up to affine
transformations, we could just as well use the map
z 7→
ecz − 1
c
,
and think of z 7→ z as the case c = 0. To forget the choice of affine coordinate z,
we can identify the moduli space of affine structures on an elliptic curve E with
the space of holomorphic 1-forms on E: each 1-form is expressed in terms of an
affine chart as c dz. It is well known [8] that every holomorphic affine structure
arises uniquely in this way. The automorphism group of the affine structure with
linear developing map is the biholomorphism group of the elliptic curve C. The
automorphism group of any of the affine structures with nonlinear developing map
is the group of translations.
Example 9. Pick any countable abelian group A ⊂ C× with the discrete topology.
Set G = A ⋉ C and H = A. The group G acts holomorphically, faithfully and
transitively on X = C = G/H . Every complex Lie group G acting holomorphically,
faithfully and transitively on C and not equal to the affine group of C has this form.
The group A need not be finitely generated; for example A could be the group of
all roots of 1. Every translation structure on any elliptic curve is a G/H-structure.
Let
A′ = {α ∈ C | eα ∈ A } ,
giving the exact sequence of abelian groups 0 → Z → A′ → A → 0. Pick any
elliptic curve C = C/Λ. A grain for Λ and A is a complex number c 6= 0 so that
cΛ ⊂ A′. (If A′ ⊂ C is a lattice, then a grain is a covering map C → C/A′.)
Suppose that c is a grain. Then for any constant k 6= 0, the developing map
δ : z ∈ C 7→ kecz ∈ C
and holonomy morphism
h : λ ∈ Λ 7→
(
ecλ, 0
)
∈ G
gives a G/H-structure. Let Γ (Λ, A) be the set of grains.
The automorphisms of a G/H-structure induced from a translation structure are
the automorphisms of C/Λ, say z 7→ az + b, for which a ∈ A and aΛ = Λ. So the
automorphism group is Zn ⋉C for some integer n = 1, 2, 3, 4 or 6.
The automorphisms of a G/H-structure with grain c 6= 0 are the translations
z ∈ C/Λ for which ecz ∈ A, a finite group. In particular, these G/H-structures are
not homogeneous.
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Lemma 3. Take a countable abelian Lie group A ⊂ C× with the discrete topology.
Let G = A ⋉ C, H = A and let X = G/H = C. Suppose that C is a compact
complex curve bearing a G/H-structure. Then that G/H-structure is one of the
examples in example 9 on the preceding page, up to conjugacy. The moduli space
of G/H-structures induced by translation structures is
(
H0 (κ) \ 0
)
/A, which might
not be Hausdorff. The moduli space of G/H-structures is(
H0 (κ) /A
)
∪
⋃
c∈Γ(Λ,A)
C
×/A.
Remark 3. The topology on this moduli space is not clear. However, it is clear
that there are choices of Λ and A for which the moduli space is not Hausdorff.
For example, pick any α ∈ C× with |α| > 1 and let A ⊂ C× be the group gener-
ated by α together with all roots of unity and all nonzero rational numbers. Let
Λ = 〈2πi, logα〉 ⊂ C. The moduli stack of (A⋉C) /A-structures on C/Λ is not
representable by a complex analytic space, or even by a complex analytic orbispace.
Proof. Since G is a subgroup of the affine group, the developing map must be the
same, up to affine transformation, as the developing map of some affine structure.
We can conjugate to eliminate any translation. So either a translation structure or
δ(z) = kecz, and
h(λ) =
(
ecλ, 0
)
But h is valued in G, so c is a grain. 
Example 10. A projective structure is a G/H-structure where G = P SL (2,C) and
H is the Borel subgroup of matrices of the form[
a b
0 1a
]
.
Every affine structure imposes a projective structure via the obvious inclusion C =
P1 \ ∞ → P1. Among the various affine structures on elliptic curves given above,
each induces a distinct projective structure, except for pairs c and −c, which are
clearly related by a linear fractional transformation
e−cz =
1
ecz
.
It turns out that these are all of the projective structures: we can identify the moduli
space of projective structures on any elliptic curve with the space of quadratic
differentials c2 dz2. For c 6= 0, the developing map is
δ : z ∈ C 7→ ecz ∈ P1
and the holonomy morphism is
h : λ ∈ Λ 7→
[
ecλ/2 0
0 e−cλ/2
]
∈ G.
For c = 0, the developing map is
δ : z ∈ C 7→ z ∈ P1
and the holonomy morphism is
h : λ ∈ Λ 7→
[
1 λ
0 1
]
∈ G.
The automorphism group of the projective structure at c = 0 is the biholomor-
phism group of the elliptic curve. At c 6= 0, the automorphism group is Z2 ⋉ C,
where Z2 acts on C/Λ by z 7→ −z, and C acts by translations.
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Example 11. Clearly P1 has an obvious projective structure The developing map is
δ : z ∈ P1 7→ z ∈ P1
and the holonomy morphism is
h : 1 7→
[
1 0
0 1
]
∈ G.
The biholomorphism group is G = P SL (2,C). This is the only effective holomor-
phic Cartan geometry on P1.
Example 12 (Cartan [3] part 3 p. 3). Suppose that C is a Riemann surface. Suppose
that η is a quadratic differential on C, say η = f(z) dz in some local coordinate z.
Let F be any solution of
{F, z} = f,
where {F, z} indicates the Schwarzian derivative. Use F as a local biholomorphism
of an open subset of C to P1. Since each solution F is unique up to linear fractional
transformation, the collection of all solutions forms a P1-structure. A developing
map is precisely a global solution δ = F on the universal covering space of C.
There is no elementary expression for the holonomy; see Loray and Mar´ın Pe´rez
[8]. The automorphism group is the finite group of biholomorphisms preserving the
quadratic differential.
Example 13. Suppose that Λ0,Λ1 ⊂ V are lattices in a finite dimensional complex
vector space V . (We are particularly interested in V = C.) Let Tj = V/Λj .
Then T1 has a T0-structure, i.e. a G/H-structure where G = T0 and H = 0, with
developing map
δ : z ∈ V 7→ z + Λ0 ∈ T0
and holonomy morphism
h : λ ∈ Λ1 7→ λ+ Λ0 ∈ T0.
The automorphism group is the group of translations together with all those linear
isomorphisms of V which preserve both lattices.
Lemma 4. Suppose that Λ0 ⊂ V0 and Λ1 ⊂ V1 are lattices in finite dimensional
complex vector spaces V0 and V1 of equal dimension. Let Tj = Vj/Λj. Up to
isomorphism, the only T0-structure on T1 is obtained by taking a linear isomorphism
L : V1 → V0 that makes Λ0 a sublattice of Λ1 and then following the recipe of
example 13.
Proof. Suppose that we have a T0-structure on T1, with developing map
δ : V1 → T0
and holonomy morphism
h : Λ1 → T0.
By translation, we can assume that δ(0) = 0. Since V is simply connected, δ lifts
uniquely to a map
δ˜ : V1 → V0
so that δ˜(0) = 0. Define
h˜ : λ ∈ Λ1 7→ δ˜ (λ) ∈ V0.
The function
δ˜ (z + λ)− δ˜ (z)
equals h˜ (λ) at z = 0, and has derivatives the same as
δ (z + λ)− δ (z)
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i.e. vanishing, so is constant. Therefore δ˜ is the developing map, and h˜ the holo-
nomy morphism, of a unique translation structure on T1, i.e.
δ˜ (z + λ)− δ˜ (z) = h˜ (λ) .
Therefore the exterior derivative is
dδ˜z+λ = dδ˜z ,
a periodic map V1 → V
∗
1 ⊗ V0, so constant. Therefore δ˜ is affine, and so a linear
isomorphism, say L = δ˜. We can therefore assume that V0 = V1 and L is the
identity map. Clearly h (λ) = δ (λ) − δ(0) = λ+ Λ0 ∈ T0. 
Lemma 5. Suppose that E0 is an elliptic curve. The only compact complex curves
which admit E0/0-structures are elliptic curves. The E0/0-structures on an elliptic
curve E1 are parameterized by the linear isomorphisms between the Lie algebras of
translations of E0 and E1.
Proof. Suppose that C is a compact complex curve equipped with a holomorphic
E0-structure. Since E0 has an invariant affine structure, so does C, and therefore
C is an elliptic curve. By lemma 4 on the preceding page, the E0/0-structures on
C must be as described. 
Example 14. Take an elliptic curve E0 = C/Λ0. Suppose that Λ0 ⊂ C is invariant
under the group Zn of multiplication by n-th roots of 1. (For example, any Λ0 is
invariant under Z2.) Take G = Zn ⋉ C/Λ0, and H = Zn. Any G/H-structure
imposes an affine structure, since G preserves the affine structure on E0. Therefore
the only compact complex curves which admit G/H-structures are elliptic curves.
Take a primitive n-th root of 1, say α. Write elements of G as pairs (a, b), with
a = αk, acting on z ∈ E0 by z 7→ az + b. If E1 = C/Λ1 is an elliptic curve, for any
complex number c ∈ C×, we can take developing map
δ : z ∈ C 7→ cz + Λ0 ∈ E0,
and holonomy morphism
h : λ ∈ Λ1 7→ (1, cλ) ∈ G.
It is easy to check that the constant c is uniquely determined up to c ∼= αkc, under
conjugation, for k = 0, 1, . . . , n − 1. We want to prove that (c dz)
n
parameterizes
the moduli space.
The automorphism group of the structure is the group of automorphisms z 7→
αkz + b, where αk preserves the lattice Λ, and b ∈ C.
Lemma 6. Take an elliptic curve E0 = C/Λ0, where Λ0 ⊂ C is a lattice invariant
under the group Zn of multiplication by n-th roots of 1. Take G = Zn ⋉ C/Λ0,
and H = Zn. Then up to conjugation, every G/H-structure on any elliptic curve is
obtained as in example 14. In particular, the choice of element (c dz)
n
parameterizes
the moduli space.
Proof. Suppose that
δ : C → E0
is some developing map with holonomy morphism
h : Λ1 → G,
for a G/H-structure on an elliptic curve E1 = C/Λ1. So
δ (z + λ) = h (λ) δ(z),
for z ∈ C and λ ∈ Λ1. Write h(λ) as
z 7→ aλz + bλ.
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So
(δ′ (z + λ))
n
= δ′(z)n,
i.e. δ′(z)n is an invariant holomorphic function on E1, and therefore constant.
Therefore δ′(z) is a nonzero constant, so up to conjugacy
δ(z) = cz + Λ0,
for some constant c 6= 0. The relation
δ (z + λ) = h (λ) δ(z)
then says that
aλ = 1
for all λ ∈ Λ1, and that
bλ = cλ+ Λ0.

Example 15. Consider C×-structures, i.e. G/H-structures where G = C× and
H = {1}. Pick an elliptic curve E = C/Λ. The affine structure on E has the
developing map
δ : z ∈ C 7→ ecz ∈ C×,
with holonomy morphism
h : λ ∈ Λ 7→ ecλ ∈ G,
so is also a C×-structure. The automorphism group is the group of translations.
Lemma 7. Up to conjugacy, the only C×-structures on compact complex curves
are those of example 15.
Proof. Suppose that C is a compact complex curve with a C×-structure. Clearly
C× acts on C× preserving an affine structure, so C has an affine structure, and so
C is an elliptic curve, say C = C/Λ. Pick a developing map
δ : C → C×
with holonomy morphism
h : Λ→ C×.
Since C is simply connected, and δ has no zeroes, we can let
D(z) =
∫
δ′(z)
δ(z)
dz.
Then
eD(z+λ) = h(λ)eD(z),
so that
eD(z+λ)−D(z)
is independent of z, so
D′ (z + λ) = D′(z)
is a holomorphic function of z on C/Λ, so constant, and therefore D′(z) is constant,
say D(z) = az + b, so δ(z) = Ceaz for some constant C 6= 0. By conjugation, we
can arrange that C = 1. Then h(λ) = eaλ. 
Example 16. Let G = Z2 ⋉C
× and H = Z2, where (±, a) ∈ G acts on X = C
× by
(+, a)z = az,
(−, a)z =
a
z
.
We have the same examples we had in example 15: δ(z) = ecz for c 6= 0. The
automorphism group of each such structure is Z2 ⋉ C, with 1 ∈ Z2 acting by
z 7→ −z on C = C/Λ and by z 7→ 1/z on P1.
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Lemma 8. The only Z2 ⋉C
×/Z2-structures on compact complex curves are those
of example 16 on the preceding page.
Proof. Suppose that a compact complex curve C had a G/H-structure. Then at
most a 2-1 covering space of C would have a C×/1-structure. So C must be an
elliptic curve, say C = C/Λ. Suppose that the (G,X)-structure has developing
map
δ : C → C×,
and holonomy morphism
h : Λ→ C× ⊔ C×.
Again, on a 2-1 covering space this G/H-structure becomes a C×/1-structure, with
the same developing map. Therefore up to conjugacy the developing map must be
δ : z ∈ C 7→ ecz ∈ C×.
The holonomy morphism must be
h(λ) =
δ(z + λ)
δ(z)
= ecλ.
Conjugation can then identify c ∼= −c. 
Theorem 2. Every effective holomorphic locally homogeneous geometric structure
on a compact Riemann surface is one of the examples 7–15, as described in ta-
ble 1 on page 8.
Proof. Gunning [5] proves the result assuming thatG/H is simply connected. Loray
and Mar´ın Pe´rez [8] provide a clear exposition of Gunning’s proof.
We let the reader prove that the biholomorphism group of C× is C× ⊔ C×, via
z 7→ cz for c 6= 0 and via z 7→ c/z for c 6= 0. Therefore the only complex Lie groups
acting faithfully on C× are C× and C× ⊔C×.
The complete classification of complex homogeneous curves is then clearly as
given in table 1 on page 8, and lemmas 5, 6, 7 and 8 finish the classification of
compact complex curves with locally homogeneous structures. The proofs of these
lemmas also provide parameterizations of the moduli spaces. 
3.1. Automorphism groups.
Theorem 3. On a compact complex curve of genus 0 or 1, every holomorphic
locally homogeneous structure is homogeneous, except for a G/H-structure with
nonlinear developing map associated to a grain; such a structure has finite automor-
phism group. On a curve of higher genus, every holomorphic locally homogeneous
structure is a projective structure with a finite automorphism group.
Proof. In each case of an elliptic curve, the developing map was linear or exponen-
tial, and the holonomy the same linear or exponential restricted to the lattice, so
the holonomy morphism extends to a morphism on the group of translations of C.
This morphism has image in G, except when the structure is constructed from a
grain. For a projective line, the only structure is the standard projective structure.
Any higher genus curve has finite biholomorphism group. 
4. Biholomorphism groups of products of curves
Our goal in this section is to classify all of the complex Lie groups acting holo-
morphically, faithfully and transitively on complex surfaces of the form C × P1,
where C is a (not necessarily compact) complex curve.
Lemma 9.
Bihol
(
P
1 × P1
)
= Z2 ⋉ (P SL (2,C)× P SL (2,C))
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Proof.
G = Z2 ⋉ (P SL (2,C)× P SL (2,C))
act on S by having Z2 interchange the factors and having the obvious linear frac-
tional transformations on each factor.
Clearly S has two obvious fibrations by rational curves, P1 × ∗ and ∗ × P1. To
any compact complex curve C in S we associate its intersection numbers a and b
with any fiber of each of these fibrations. If we have two rational curves C1 and
C2, with intersection numbers with the fibrations a1, b1 and a2, b2 respectively, then
their intersection number is
C1C2 = a1b2 + a2b1,
so vanishes if and only if both C1 and C2 are fibers of the same one of our two
fibrations. Therefore every biholomorphism of S preserves the pair of fibrations.
Every biholomorphism therefore, after multiplication by a suitable element of G,
preserves both fibrations, and acts trivially on the base of each, so is the identity. 
Lemma 10. Suppose that C is a compact complex curve, and that S = C × P1
is a homogeneous complex surface. Then C is complex-homogeneous. Either C is
isomorphic to P1 or C is an elliptic curve and the biholomorphism group of S is
Bihol (S) = Bihol (C)× P SL (2,C) .
Proof. Suppose that S = C × P1 and that C is not isomorphic to P1. So C admits
no nonconstant maps P1 → C. Every rational curve in S lies in a fiber of the
obvious fibration S → C. So this fibration is biholomorphism invariant. Since
the biholomorphism group of S is transitive, it acts transitively on the base C
of the fibration. Therefore C is an elliptic curve. The group G = Bihol (C) ×
P SL (2,C) also acts transitively on the base. Any biholomorphism, after suitable
multiplication by an element of G, becomes trivial on the base, and so has the form
of a holomorphic map
C → P SL (2,C) .
On a 2-1 covering space Cˆ → C, this lifts to a holomorphic map
Cˆ → SL (2,C) ,
which must be constant because Cˆ is compact and SL (2,C) is affine. So the
biholomorphism is an element of P SL (2,C). 
Example 17. The biholomorphism group of C×P1 is infinite dimensional, containing
all maps of the form
(z, w) 7→ (z, g(z)w),
where g : C → P SL (2,C) is any holomorphic map. For example, we could take
g(z) =
(
ea(z) b(z)
0 e−a(z)
)
,
for any two entire functions a(z), b(z).
Example 18. There are some obvious finite dimensional complex Lie groups of
biholomorphisms acting holomorphically, faithfully and transitively on P1×C. One
is
P SL (2,C)×
(
C
×
⋉C
)
,
acting as Bihol
(
P
1
)
× Bihol (C).
More generally, if A ⊂ C× is a countable abelian group with the discrete topology
then let
G = P SL (2,C)× (A⋉C) ,
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acting on P1 × C as
(g, a, t)(z, w) = (gz, aw + t) .
Next we will write down a series of examples of connected complex Lie groups
acting faithfully and transitively on connected complex surfaces. We will then ex-
plain why this series of examples, together with our previous examples, is complete.
We will then make use of this list to find all of the (not necessarily connected) com-
plex Lie groups acting holomorphically, faithfully and transitively on surfaces of
the form C × P1.
Example 19. G = SL (2,C) has the obvious action on X = C2 \ 0.
Example 20. G = P SL (2,C) acts on P1×P1\diagonal by the usual linear fractional
action on each P1.
Example 21. G = GL (2,C) has the obvious action on X = C2 \ 0.
Example 22. Let D be an effective divisor on C, and let p(z) be the monic poly-
nomial with divisor D. Let V = VD be the set of entire functions f : C → C for
which
p
(
∂
∂z
)
f = 0.
Let G = GD = C ⋉ VD with the group operation
(t0, f0(z)) (t1, f1(z)) = (t0 + t1, f0(z) + f1 (z − t0)) .
Let G act on X = C2 by
(t, f) (z, w) = (z + t, w + f (z + t)) .
Example 23. Let D be an effective divisor on C, and let p(z) be the monic poly-
nomial with divisor D. Let V = VD be the set of entire functions f : C → C for
which
p
(
∂
∂z
)
f = 0.
Let G = G′D = C × C
× × VD with group operation
(t0, λ0, f0(z)) (t1, λ1, f1(z)) = (t0 + t1, λ0λ1, f0(z) + λ0 f1 (z − t0))
and action on X = C2
(t, λ, f) (z, w) = (z + t, λw + f (z + t)) .
Example 24. The surface O (n) is the total space of the usual line bundle O (n) =
O (1)
⊗n
→ P1, whose fibers are choices of line in C2 and homogeneous polynomial
of degree n on that line. This surface is acted on by the group GL (2,C) of linear
substitutions of variables, and is also acted on by the group Symn
(
C2
)∗
by adding
a globally defined homogeneous polynomial to the polynomial on any given line.
The subgroup Zn ⊂ GL (2,C) of scalings of variables by n-th roots of unity acts
trivially. So the complex surface X = O (n) is acted on by
G = (GL (2,C) /Zn)⋉ Sym
n
(
C
2
)∗
.
Example 25. The surface X = O (n) is also acted on by
G = (SL (2,C) /Z)⋉ Symn
(
C
2
)∗
,
where Z is ±1 if n is even and is 1 is n is odd.
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Example 26. Take any global section s of O (n) → P1 which vanishes precisely at
∞ ∈ P1. Then over C ⊂ P1, we trivialize O (n) by the embedding
(z, w) ∈ X = C2 7→ w s(z)→ O (n).
The subgroup of G0 ⊂ GL (2,C) of matrices of the form(
a b
0 c
)
acts on this open subset of O (n) by
(z, w) 7→
(
a
d
z +
b
d
,
w
dn
)
.
Then
G = G0 ⋉ Sym
2 (Cn)
∗
,
acts on X = C2.
Example 27. Pick any complex number α. In the last example, we can replace G0
by the group of matrices of the form
µ
(
eλ(1−
α
n
) b
0 e−λα/n
)
where µ is any n-th root of 1 and λ is any complex number.
Example 28. Consider the set G of elements (g, p) of
(GL (2,C) /Zn)⋉ Sym
n
(
C
2
)∗
where
g =
(
1 b
0 e−λ
)
and
p (z1, z2) = λz
n
1 + z2 r (z1, z2) ,
where
r ∈ Symn−1
(
C
2
)∗
.
This G acts on the subset X = C2 ⊂ O (n) which we constructed in example 26.
Example 29. The affine group
GL (2,C)⋉C2
and its subgroup
SL (2,C)⋉C2
both act faithfully and transitively on C2.
Example 30. The group P SL (3,C) acts faithfully and transitively on P2.
Theorem 4 (Lie [9, 10]). Suppose that S = G/H is a simply connected complex-
homogeneous complex surface, with G a connected complex Lie group acting holo-
morphically, faithfully and transitively on S. Then either (1) S = P1 × P1 and
G = P SL (2,C)× P SL (2,C) or (2) S is one of the examples 19 through 30.
Proof. Lie actually only identifies the possible Lie algebras g and stabilizer subal-
gebras h. But then each such pair (g, h) acts by a complete action (i.e. extending
to a Lie group action) on at most one simply connected surface S, i.e. S = G/H
where G is the connected and simply connected Lie group with Lie algebra g, and
H ⊂ G the connected subgroup with Lie algebra h. Mostow [9] proves that H must
actually be a closed subgroup as long as h ⊂ g has complex codimension 2. Since
we have written one simply connected example surface for each of Lie’s Lie algebra
pairs, our list must be exhaustive. 
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This classification of Lie will not suffice; we need to know all of the complex
Lie groups G (not necessarily connected) acting holomorphically, faithfully and
transitively on connected complex surfaces of the form X = C × P1.
Proposition 1. Suppose that S = C×P1 is a connected complex surface, and that
G is a complex Lie group acting transitively, faithfully and holomorphically on S.
Then either
(1) from lemma 9 on page 14: S = P1 × P1 and
G = Z2 ⋉ (P SL (2,C)× P SL (2,C)) ,
or
(2) G = G0 × Bihol
(
P1
)
, where G0 ⊂ Bihol (C) is a complex Lie group acting
holomorphically and transitively on C = G0/H0, and thus G0/H0 is one of
the examples in table 1 on page 8.
Proof. We need to argue that, besides the one counterexample in the statement
of this proposition, all other complex Lie groups G acting holomorphically, faith-
fully and transitively on a surface of the form S = C × P1 must be subgroups
of Bihol (C) × Bihol
(
P
1
)
. By lemma 9 on page 14, this is true if C = P1. By
lemma 10 on page 15, it is true if C is a compact complex curve.
Suppose that C = C. By theorem 4 on the preceding page, looking over the
examples one-by-one, we can see that the identity component of G is
G0 ⊂ Bihol (C)
0
× Bihol
(
P
1
)
.
Suppose that g ∈ G. Then g must preserve the Lie algebra g of G, i.e. of G0:
g ⊂ (C ⋉ C)⊕ sl (2,C) .
A biholomorphism g of C × P1 preserves this Lie algebra if and only if it lives in(
C
×
⋉C
)
× P SL (2,C) ,
as required.
From Lie’s classification, the only other complex surface S of the form C × P1
which is complex-homogeneous has C = C×. The same computation shows that
preserving the same Lie algebra requires once again a biholomorphism in Bihol (C)×
Bihol
(
P
1
)
. 
5. Lifting from curves to surfaces
Example 31. It is well known [2] that there is a unique holomorphic Cartan ge-
ometry on S = P2: it is the flat Cartan geometry, i.e. G/H-structure, with
G = P SL (3,C) and G/H = P2.
Example 32. The surface X = P1 × P1 has biholomorphism group
G = Z2 ⋉ (P SL (2,C)× P SL (2,C)) .
On X , there are precisely two holomorphic foliations, the obvious horizontal and
vertical ones. The pair of them is preserved by G, but neither one is preserved
individually. This fact characterizes X among homogeneous surfaces.
Definition 26. Suppose that E →M ′ is a holomorphic Cartan geometry modelled
on a complex homogeneous space G/H ′, with Cartan connection ω. Suppose that
H ⊂ H ′ is a closed complex Lie subgroup. Let M = E/H . Then E → M is a
holomorphic Cartan geometry modelled on G/H , with Cartan connection ω. We
say that the Cartan geometry on M is the lift of the Cartan geometry on M ′.
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Definition 27. Suppose that G is a complex Lie group and that H ⊂ H ′ ⊂ G are
closed complex subgroups. Suppose that dimG/H = 2 and dimG/H ′ = 1. Suppose
that C is a complex curve. Let π = π1 (C). Suppose that we have a G/H
′-structure
on C, with developing map δC : C˜ → G/H
′, and holonomy morphism hC : π → G.
Take the bundle G/H → G/H ′ and let
S˜ = δ∗CG/H,
so that we have the diagram
S˜

// G/H

C˜

// G/H ′
C.
So S˜ is a π-invariant surface inside C˜ ×G/H . We then let S = π\S˜, so that S is a
complex surface, and S → C is a holomorphic fiber bundle, with fibers isomorphic
to H ′/H . The surface S˜ is a covering space of S, and S has a G/H-structure with
developing map δS : S˜ → G/H as above, and holonomy morphism hS : π1 (S)→ G
given by the composition
π1 (S)→ π → G.
We will say that this G/H-structure on S is the lift of the G/H ′-structure on C.
(This is a special case of a lift of a Cartan geometry.)
Example 33. We define a lift of any structure on a curve to a structure on any flat
P1-bundle over that curve. Suppose that C is a compact complex curve, and that
G0/H0 is a complex-homogeneous curve. Let π = π1 (C). Take a G0/H0-structure
on C, say with developing map
δC : C˜ → G0/H0
and holonomy morphism
hC : π → G0.
Take any group morphism
ρ : π → P SL (2,C).
Let π act on C˜ × P1 by
γ (z, w) = (γ z, ρ (γ)w) .
Define a compact complex surface S by
S = C˜ ×pi P
1.
Let B ⊂ P SL (2,C) be the stabilizer of a point of P1. Let G = G0 × P SL (2,C),
and H = H0 ×B. On S, define a G/H-structure, by taking as developing map
δS : S˜ = C˜ × P
1 → G/H = (G0/H0)× P
1,
the map
δS(z, w) = (δC(z), w) ,
and as holonomy morphism
hS : π1 (S) = π → G = G0 × P SL (2,C)
the map
hS (γ) = (hC (γ) , ρ (γ)) .
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Theorem 5. Suppose that G/H is a connected complex-homogeneous surface. Sup-
pose that S is a compact complex surface containing a rational curve and that S
has an effective holomorphic Cartan geometry modelled on G/H. Then the Cartan
geometry is flat, a G/H-structure. Up to isomorphism, either
(1) S = P2 with the standard projective structure or
(2) S = P1 × P1 with the standard G/H-structure where
G = Z2 ⋉ (P SL (2,C)× P SL (2,C)) .
or
(3) the G/H-structure on S, after perhaps quotienting out the kernel of G/H,
is constructed as in example 33 on the previous page. The moduli space is
then the product of the moduli space of G0/H0-structures on C with the
representation variety
Hom(π1 (C),P SL (2,C)) /P SL (2,C) .
Proof. The deformation space of any rational curve in any compact complex surface
has compact components. By the main theorem of Biswas and McKay [2], since
our surface S contains a rational curve, there is some closed complex subgroup
H ′ ⊂ G and a compact complex manifold C with dimC < dimS, and a fiber bundle
morphism S → C with rational homogeneous fibers, and a holomorphic Cartan
geometry on C modelled on G/H ′, so that the holomorphic Cartan geometry on S is
lifted from that on C. Moreover, H ′/H must be a connected rational homogeneous
variety. Every holomorphic Cartan geometry on a complex curve is flat, so is lifted
from a unique G/H ′-structure with developing map and holonomy morphism.
If C of dimension 0, then C is a point, H ′ = G, S = G/H and the holomorphic
Cartan geometry on S is the standard G/H-structure on G/H . But then also we
must have H ′/H a rational homogeneous variety, so S = P1 × P1 or S = P2 with
its standard G/H-structure. If S = P2, then the group G, to act faithfully and
transitively, must be P SL (3,C) and H must be the Borel subgroup of P SL (3,C).
For S = P1 × P1, in order that G act transitively on G/H , we can have either
G = Z2 ⋉ (P SL (2,C)× P SL (2,C))
or the subgroup
G = P SL (2,C)× P SL (2,C) .
Henceforth we can assume that C is of dimension 1, so H ′/H = P1 and G/H is a
complex-homogeneous surface, invariantly ruled. By the classification of complex-
homogeneous surfaces [6], if a complex-homogeneous surface is ruled, then it is a
product G/H = (G0/H0) × P
1 where G0/H0 is a complex-homogeneous complex
curve, acted on transitively byG. By proposition 1 on page 18,Gmust be a product
G = G0 × P SL (2,C) ,
and so
H = H0 ×B,
where B is the Borel subgroup in P SL (2,C). The group H ′ must contain H and
have H ′/H = P1, so H ′ must contain an image of SL (2,C). Since SL (2,C) has no
nontrivial morphism to Bihol (C), we have {1} × P SL (2,C) ⊂ H ′, and therefore
H ′ = H0 × P SL (2,C).
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The universal covering space of S is
S˜ = δ∗C (G/H)
= δ∗C
(
(G0/H0)× P
1
)
= (δ∗C (G0/H0))× P
1
= C˜ × P1.
The developing map δS is then by definition the identity map on ∗ × P
1. 
5.1. Centralizers of subgroups of linear fractional transformations.
Definition 28. Let’s define some subgroups of P SL (2,C). Let C× be the group
of diagonal matrices, C the group of translations of the complex affine line, i.e.
matrices of the form [
1 ∗
0 1
]
,
C×⋉C the group of affine transformations of the complex affine line, i.e. matrices
of the form [
a b
0 1a
]
,
C2 the group consisting of
I,
[
i 0
0 −i
]
,
C2 × C2 the group consisting of
I,
[
i 0
0 −i
]
,
[
0 i
i 0
]
,
[
0 −1
1 0
]
,
and C2 × C
× the group of matrices of the form[
a 0
0 1a
]
or
[
0 b
− 1b 0
]
.
Any regular polyhedron has a group of rotations lying in SO (3) ⊂ P SL (2,C);
we won’t need notation for these groups or for the cyclic and dihedral groups of
rotations. There are also the various groups Cn ⋉C of matrices of the form[
a b
0 1a
]
with an = 1.
Remark 4. It is well known (see Huckleberry [6] p. 324) that every closed complex
subgroup of P SL (2,C) is conjugate to a unique one of the subgroups listed above.
Lemma 11. Suppose that Γ ⊂ P SL (2,C) is a subgroup and let Z be the centralizer
and N the normalizer of Γ in P SL (2,C). Then Γ = {I} if and only if Z = N =
P SL (2,C). If Γ = C2 then Z = N = C2×C
×. If Γ ⊂ C× and Γ 6= {I} and Γ 6= C2
then Z = C× and N = C2 × C
×. If Γ ⊂ C and Γ 6= {I} then Z = C and N is the
group of matrices of the form [
a b
0 1a
]
so that a2Γ = Γ ⊂ C. If Γ = C2 × C2 then Z = C2 × C2 and N is the group of
rotations of the cube. If Γ is not conjugate to one of these subgroups then Z = {1}.
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Group element Centralizer[
1 0
0 1
]
P SL (2,C)
[
i 0
0 −i
]
C2 × C
×
[
α 0
0 1α
]
C×
α 6= ±1,±i[
1 α
0 1
]
C
α 6= 0[
0 i
i 0
] [
a b
εb εa
]
ε = ±1, a2 − b2 = ε.
Table 2. The centralizers of various elements in P SL (2,C).
Group elements Centralizer[
α 0
0 1α
]
6=
[
β 0
0 1β
]
C×
[
1 α
0 1
]
6=
[
1 β
0 1
]
C
C2 × C2 C2 × C2
Table 3. The centralizers of the subgroups in P SL (2,C) which
are generated by two commuting elements, but not by a single
element.
Proof. If Γ is generated by one element then, up to conjugacy, Z is listed in table 2.
If Γ is generated by two commuting elements, then Z is listed in table 3. Let us
now consider the general case. Clearly Γ must lie in the centralizer of Z. The group
Γ is trivial just when Z = P SL (2,C). The group Z is a Zariski closed subgroup of
P SL (2,C). Up to conjugacy, there is only one 2-dimensional complex subgroup of
P SL (2,C), the affine group of C. If Z contains the affine group, then every element
of Γ commutes with all diagonal and all strictly upper triangular matrices, and so
Γ is trivial, and Z = P SL (2,C). Similarly if Z contains a conjugate of the affine
group. So we can assume that Z has dimension at most 1. If Z has dimension 1,
then Z must contain one of the 1-parameter subgroups conjugate to the diagonal
matrices or the strictly upper triangular matrices. But then every element of Γ
must commute with all of these things, so must lie in one of these 1-parameter
subgroups.
Suppose that the centralizer Z has dimension 0. So Z is one of the finite sub-
groups of the rotation group: the trivial group, the cyclic groups of rotations around
an axis, the dihedral groups of rotations around an axis together with a rotation
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that reverses that axis, the symmetry groups of the tetrahedron, cube and icosahe-
dron. The centralizer of each cyclic group is the diagonal matrices, except for the
cyclic group C2, which we have already discussed. The centralizer of the dihedral
group D2 = C2 × C2 is C2 × C2. The centralizers of the other dihedral groups
are trivial. If the rotation symmetries of a regular polyhedron commute with a
particular linear fractional transformation, then the (one or two) fixed points of
that linear fractional transformation must be permuted by those rotations, which
is clearly impossible. Therefore the centralizers of the rotation symmetries of the
regular polyhedra are trivial. 
5.2. Automorphism groups.
Proposition 2 (Loray and Mar´ın [8]). Let Λ ⊂ C be a lattice, and
ρ : Λ→ P SL (2,C)
a representation of Λ. Let C = C/Λ and let S → C be the flat P1-bundle
S = C ×ρ P
1.
Up to conjugacy, either
(1) ρ (Λ) ⊂ C× or
(2) ρ (Λ) ⊂ C or
(3) ρ (Λ) = C2 × C2.
The bundle S → C is trivial if and only if there is a complex 1-parameter subgroup
C → P SL (2,C) extending ρ. For example, if ρ (Λ) ⊂ C× then S → C is a trivial
bundle if and only if there is a constant b ∈ C so that
ρ(λ) =
[
ebλ/2 0
0 e−bλ/2
]
.
If ρ (Λ) ⊂ C then S → C is a trivial bundle if and only if there is a constant b ∈ C
so that
ρ(λ) =
[
1 bλ
0 1
]
.
Otherwise S → C is not a trivial bundle.
Example 34. Suppose thatM is a rational homogeneous variety with a holomorphic
Cartan geometry. Then clearly the geometry is that of the model G/H , and globally
homogeneous.
5.2.1. Automorphisms and the centralizer.
Example 35. Suppose that S is a compact complex surface containing a rational
curve and bearing a holomorphic effective Cartan geometry. Asssume that S is not
a rational homogeneous variety. By theorem 5 on page 20, we can assume that S is
a flat P1-bundle S → C and that C is a compact complex curve, and that the geom-
etry on S is constructed from a G0/H0-structure on C as in example 33 on page 19.
If C is a rational curve, then any flat P1-bundle on C is trivial, so the geometry
is globally homogeneous. We can assume that C has genus at least one. The only
rational curves in S lie in the fibers of S → C. Every biholomorphism of S preserves
the fibration. The automorphism group of the geometry is a closed subgroup of
the biholomorphism group of S. Because S is a P1-bundle over a curve, S is an
algebraic surface [1], so the automorphism group is an algebraic group [11].
The universal covering space is S˜ = C˜ × P1. Write points of S˜ as (z, w). Pick
any automorphism ψ˜ of the structure on C, i.e.
δC ◦ ψ˜ = g0δC ,
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for some g0 ∈ G0. Take any h0 ∈ Z in the centralizer Z of the image of ρ. Then let
ϕ˜(z, w) =
(
ψ˜(z), h0 w
)
.
Compute that
δS ◦ ϕ˜ = (g0, h0) δS .
Conversely, pick some lift
ϕ˜ : S˜ → S˜
of an automorphism ϕ. Since the automorphism must act on C as an automorphism
of its structure,
ϕ˜(z, w) =
(
ψ˜(z), g(z)w
)
,
for some automorphism
ψ˜ : C˜ → C˜,
and a map
g : C˜ → P SL (2,C).
To preserve the geometry, there must be some (g0, h0) ∈ G = G0 × P SL (2,C) so
that
δS ◦ ϕ˜ = (g0, h0) δS .
Expanding out, we find that g(z) = h0 is constant. Let π = π1 (C) = π1 (S). In
order that ϕ˜ be the lift of a map ϕ on S, we need to have, for every γ ∈ π, some
γ′ ∈ π so that
ϕ˜ ◦ γ = γ′ ◦ ϕ˜,
so
ψ˜ ◦ γ = γ′ ◦ ψ˜,
and
h0 ρ (γ)h
−1
0 = ρ (γ
′) .
If our automorphism ψ˜ belongs to the identity component of the automorphism
group of the structure on C, then γ′ = γ and
h0 ρ (γ)h
−1
0 = ρ (γ)
for every γ ∈ π. Therefore h0 ∈ Z. Write Aut (E) for the automorphism group of
the Cartan geometry on S, and Aut (EC) for the automorphism group of the struc-
ture on C. Let Autpi (EC) ⊂ Aut (EC) and Autpi (E) ⊂ Aut (E) be the subgroups
of automorphisms acting trivially on π = π1 (C). So Autpi (E) = Z × Autpi (EC),
where Z is the centralizer of the image of ρ. Thus the exact sequence
1→ Z ×Autpi (EC)→ Aut (E)→ π.
5.2.2. Parallel sections.
Example 36. Continuing with the last example, the surface S is a flat P1-bundle
S → C, given by the quotient
S = C ×pi P
1,
by the action
γ (z, w) = (γ z, ρ (γ)w) .
If w0 ∈ P
1 is invariant under ρ, then the points (z, w0) for z ∈ C˜ form a parallel
section of S → C. If ρ has nontrivial image in the diagonal matrices then Z is
the diagonal matrices, and there are two parallel sections of S → C, and they are
invariant under Z and so under Autpi (E). If ρ has nontrivial image in the strictly
upper triangular matrices, then Z is the strictly upper triangular matrices, and
there is one parallel section of S → C, and it is invariant under Z and so under
Autpi (E). Otherwise (for ρ having image not trivial or not conjugate to a subgroup
of diagonal or strictly upper triangular matrices) the group Z is trivial, and so the
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group Autpi (E) is just the finite group Autpi (EC). For example, if ρ has a finite
orbit, then that orbit represents a parallel multivalued section, i.e. a parallel finite
unbranched covering of C sitting in S. Each of these parallel multivalued sections is
invariant under Autpi (E). However, some of them might be permuted by Aut (E).
Example 37. Continuing with the previous example, suppose that the base C has
genus g ≥ 2. Then C has a finite biholomorphism group. The model must be
G0 = P SL (2,C), X0 = P
1, from table 1 on page 8, and the automorphism group
extends the centralizer Z
1→ Z → Aut (E)→ F → 1,
by the finite group F of automorphisms of C that preserve the quadratic differential.
The group Z can be any of those listed in lemma 11 on page 21. Given any finite
subgroup F of the automorphism group of C, we can average the quadratic differ-
entials over F , to produce F -invariant quadratic differentials. However it is possible
that every F -invariant quadratic differential is stabilized by some larger group than
F , so there is very little we can say about the classification of automorphism groups
of holomorphic Cartan geometries on higher genus curves.
Example 38. Next suppose that C is an elliptic curve C = C/Λ. If ρ is valued in
diagonal matrices, then there are two parallel sections: w0 = 0 and w0 =∞.
Example 39. Again suppose that C is an elliptic curve C = C/Λ. Suppose that
ρ is valued in strictly upper triangular matrices and ρ is not trivial. There is one
parallel section: w =∞.
Example 40. Again suppose that C is an elliptic curve C = C/Λ. If ρ (Λ) = C2×C2,
then there is no parallel section. However, the 3 subsets of (z, w) with w on opposite
sides of the cube, i.e.
(1) w = 0 and w =∞, or
(2) w = 1 and w = −1, or
(3) w = i and w = −i,
form three elliptic curves in S, each a 2-1 covering of C. Any other point w ∈ P1
belongs to an orbit w,−w, 1w ,−
1
w of order 4, giving a parallel elliptic curve in
S which is a 4-1 covering of C. Since the normalizer of C2 × C2 is the group
of rotations of the cube, the automorphism group can at most permute these 3
different 2-1 coverings and also permute 6 of the these different 4-1 coverings. In
particular, each automorphism group orbit is possibly only a finite set, and is at
most 6 different parallel elliptic curves; there are no open orbits.
5.2.3. The rotations of the cube. Suppose that S is a compact complex surface with
a holomorphic effective G/H-geometry for some complex Lie group G and closed
complex subgroup H ⊂ G. Suppose that S → C is a flat P1-bundle Again suppose
that C is an elliptic curve C = C/Λ. Define a cyclic group by
Cn = Aut (EC) /Autpi (EC) .
This group is generated by some n-th root of 1, say α, acting on Λ ⊂ C. Moreover,
n = 1, 2, 3, 4, or 6. Every automorphism ψ ∈ Aut (EC), say mapping to α
k ∈ Cn,
extends to an automorphism
φ˜ (z, w) =
(
αkz, h0w
)
for every h0 ∈ P SL (2,C) so that
h0ρ (λ) h
−1
0 = ρ
(
αkλ
)
.
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Example 41. If n is even (i.e. n = 2 or n = 4 or n = 6), so −1 ∈ Cn, and
ρ (Λ) ⊂ C×, let
h0 =
[
0 i
i 0
]
.
Then
φ˜(z, w) = (−z, h0w)
is an automorphism permuting the two parallel sections w = 0 and w = ∞. Since
the normalizer of the diagonal matrices is C2 × C
×, if ρ (Λ) 6= {I} , C2, and n is
even, then there are two group orbits: the two parallel sections form one orbit, and
the complement of those two sections forms the other.
Example 42. Suppose that ρ (Λ) = C2 × C2. Clearly h0 ∈ P SL (2,C) conjugates
these various C2 × C2 matrices to one another just when h0 belongs to the group
of rotations of the cube.
Suppose that our group Cn has n 6= 2, so n = 3, 4 or 6, say generated by α ∈ C
×.
Take λ, µ ∈ Λ any two generators of Λ. So ρ (λ) and ρ (µ) must generate C2 × C2.
Therefore they must be rotations by angle π around two of three perpendicular
axes. The elements ρ (αλ) and ρ (αµ) must also be generators of the same C2×C2,
so also rotations by angle π around two of the same three perpendicular axes. We
can then let h0 be any rotation which matches up the first pairs of axes with those
the second pair. Then
φ˜ (z, w) = (αz, h0w)
is an automorphism. But then Z = C2 × C2 also acts as automorphisms, so the
automorphism group is
Aut (E) = C2 × C2 × (Cn ⋉C) .
The orbits are as described in example 40 on the previous page.
6. Conclusion
We have found that for compact complex surfaces which contain rational curves,
essentially there are no holomorphic Cartan geometries, except for a trivial con-
struction from holomorphic locally homogeneous geometric structures on curves.
On compact complex surfaces without rational curves, and in higher dimensions,
more complicated phenomena show up.
In our examples above, we see that the moduli stack of holomorphic Cartan
geometries on a fixed complex manifold, with a fixed model G/H , might not be
a complex analytic space or orbispace. We can also see that deformations of a
holomorphic Cartan geometry can give rise to nontrivial deformations of the total
space of the Cartan geometry as a holomorphic principal bundle: take the affine
structure of an elliptic curve, and a family of representations ρt of its fundamental
group into P SL (2,C), so that ρt1 and ρt2 are not conjugate for generic values t1 and
t2. Build a holomorphic Cartan geometry on each of the associated flat P
1-bundles.
References
1. Wolf P. Barth, Klaus Hulek, Chris A. M. Peters, and Antonius Van de Ven, Compact complex
surfaces, second ed., Ergebnisse der Mathematik und ihrer Grenzgebiete. 3. Folge. A Series of
Modern Surveys in Mathematics [Results in Mathematics and Related Areas. 3rd Series. A
Series of Modern Surveys in Mathematics], vol. 4, Springer-Verlag, Berlin, 2004. MR 2030225
(2004m:14070)
2. Indranil Biswas and Benjamin McKay, Holomorphic Cartan geometries and rational curves,
arXiv:1005.1472, May 2010.
CARTAN GEOMETRIES ON COMPLEX SURFACES 27
3. E´lie Cartan, Lec¸ons sur la ge´ome´trie projective complexe. La the´orie des groupes finis et
continus et la ge´ome´trie diffe´rentielle traite´es par la me´thode du repe`re mobile. Lec¸ons sur la
the´orie des espaces a` connexion projective, Les Grands Classiques Gauthier-Villars. [Gauthier-
Villars Great Classics], E´ditions Jacques Gabay, Sceaux, 1992, Reprint of the editions of 1931,
1937 and 1937. MR 1190006 (93i:01030)
4. William M. Goldman, Locally homogeneous geometric manifolds, Proceedings of the Interna-
tional Congress of Mathematicians (Hyderabad) (Rajendra Bhatia, ed.), vol. 2, International
Congress of Mathematicians, Hindawi, 2010, pp. 717–744.
5. Robert C. Gunning, Special coordinate coverings of Riemann surfaces, Math. Ann. 170
(1967), 67–86. MR 0207978 (34 #7790)
6. Alan T. Huckleberry, The classification of homogeneous surfaces, Exposition. Math. 4 (1986),
no. 4, 289–334.
7. Shoˆshichi Kobayashi, Transformation groups in differential geometry, Springer-Verlag, Berlin,
1995, Reprint of the 1972 edition. MR 96c:53040
8. Frank Loray and David Mar´ın Pe´rez, Projective structures and projective bundles over com-
pact Riemann surfaces, Aste´risque (2009), no. 323, 223–252. MR 2647972
9. George Daniel Mostow, The extensibility of local Lie groups of transformations and groups
on surfaces, Ann. of Math. (2) 52 (1950), 606–636. MR 0048464 (14,18d)
10. Peter J. Olver, Equivalence, invariants, and symmetry, Cambridge University Press, Cam-
bridge, 1995. MR 96i:58005
11. Jean-Pierre Serre, Ge´ome´trie alge´brique et ge´ome´trie analytique, Ann. Inst. Fourier, Grenoble
6 (1955–1956), 1–42. MR 0082175 (18,511a)
12. Richard W. Sharpe, Differential geometry, Graduate Texts in Mathematics, vol. 166, Springer-
Verlag, New York, 1997, Cartan’s generalization of Klein’s Erlangen program, With a foreword
by S. S. Chern. MR MR1453120 (98m:53033)
13. , An introduction to Cartan geometries, Proceedings of the 21st Winter School “Ge-
ometry and Physics” (Srn´ı, 2001), no. 69, 2002, pp. 61–75. MR 2004f:53023
School of Mathematical Sciences, University College Cork, Cork, Ireland
E-mail address: b.mckay@ucc.ie
